Module 1: Differential Calculus

Lesson 8

Derivative of Higher Order

8.1 Introduction

Derivative of higher order of composite function may be computed by the

principles given in Lesson 7. As an example, let us compute three drivatives of

order two for the functionu = f(¢(r,s),¥(r,s)). We assume that three

functions along with partial derivatives are continous upto order 3. First let us

consider the higher order partial derivatives.

8.1.1 For u = f(@(r,s),¥(r,s), we assume that the three fucntions
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Differentiating again, remember that f; and f, are themselves composite

functions.

ZZTT-: = flmll + Ew11+ml[fllml + flel] + wl[ﬁlml + f??lpl]

d%u
dsdr

= flmlz + ﬁw12+ﬁl[f11m2 + fleE] + wl[ﬁlﬁz + EEwE]
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a—u = fi0s0 + o057, 05 [f110, + fio W ] + Yo [£5104 + foo]

We omit the arguments in these fucntions to have space. If we admit that

azu

Els Asdr

fiz = f21,04, = 0,,,1,, = P,, thenitis easily shown that

8.1.1 Higher-order partial derivatives As is true for ordinary derivatives, it is
possible to take second, third, and higher order partial derivatives of a function

of several variables, provided such derivatives exist.
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a af
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8 ofy 9 2y =
D = her e G = f
It is not true in general f,,, = £,

Example 8.1 Let f(x,y) = T for (x,y) # (0,0)and f(0,0) = 0.

Solution:

We have
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. fy(0+Ax,0)—F; (0.0)
ﬁr;l.-‘ (0,0) = _,&TD . . :

f{D 0+4y)—f(0.0)
£,(0,0) = lim [O=RITCD _ g
f (ﬂx {]] — ].1 f':jx#u+j}?:]_f':ijD:]
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Ay—0 Ay

AxAy (AxZ —Ay?)

= Ax.
_‘w_. o Ay (Ax®+Av7)

Hence

Ax—0

f00) = Jim == =1

f.r (0.0+Ay)— £, (0.0)
fx(0,0) = lim EO2T

ji.({] ':]j f{0+_‘kx 0)—f(0.0)

Fo+AxAy)—F(0.4y)
Ane

£.(0,89) = lim

. AxAy (Ax?—Ay?)
= lim
Ax—0 Ax(Ax?+Ay7)

= —ﬁy

So
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£ (0,0) = lim =20 — 1.

Ay—-0 Ay

i.e., £,(0,0) # £,,(0,0)

8.1.2 Partial Derivatives of Higher Order (Equality of £, and f,,).

If f(x,y) possesses continuous second order partial derivatives f.,, and f,,

then

};y ::I%x

Note: Existence of partial derivatives does not ensure continuity of a function.

Example 8.2 Let £(x,y) = &2 for (x,y) = (0,0) and £(0,0) = 0.

1)
x% 42

Solution:

iy J0AX0)-F(0.0)
£(0,0) = lim FE2TED — g

_ p FOA)-F(0.0)
£(0,0) = il;lyﬂ o 0

But f(x, ) is discontinuous at (0,0).
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Example 8.3 If f(x,v) = g(x)h(y), show that f,., = f

Solution:

£ (6,¥) = g D), fx = g COR()

£(63) =gCR (), foy =9 (DR ()

1.6, foy = fru-

8%z . dz gz

dxdy  ax dv

Example 8.4 If z = g(x)h(y), show that z

Solution:  We  have E =g (xX)h(y) and j—i=g(x]hr[}r].
azz _ r hr ,
o = J R ).
So
dz d=z ' '
oy~ 9ORBG O ()

0%z
— dx dy

Now
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Example 8.5 Let f(x,t) = u(x + at) + v(x — at), where u and v are assumed

to have continuous second partial derivatives, show that af,,. = fi,.

Solution:

ff=u(x+at)+v(x—at),fo, =u (x+at) +v (x— at)
fi =au(x+at)—av (x—at),f,r = a’u (x+ at)

+a%v'(x — at) = a*f,,.

Questions: Answer the following questions.

8%u
ag2

L. For u = f(g(t),h(e)). find 2=,

2.Find f'(t),if f =e* siny,x =t*,y =1 — t* by not eleminating x and
.

3. Show that the functions z = ¢(x* - y?), where ¢(u) is a differentiable function,

satisfies the relationship yg+ % =0.
ox oy

4. Find the derivatives g_y of the functions represented implicitly
X

2 2 2
(i)sin(xy) —e” —x*y =0 (i) xe’ + ye* —e” =0 (jii) y* = x” (iv)x*+y3 =a?

5. If r=x¢(x+y)+yw(x+y), show that
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2 2 2
0T 07,07y
OX Ooxoy oy

(¢ and y are twice differentiable function.)

6. If u= %[¢(ax+ y) +#(ax—y)], show that

Pu_at of
oty oy’ ay)
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