Module 1: Differential Calculus

Lesson 7

Composite and Implicit Functions for Two Variables

7.1 Introduction

The chain rule works for functions of more than one variable. Consider the
function z = f(x, yv)where x = g(t)and y = h(t), and g(t) and h(t) are
differentiable with respect to t, then

dz _of dx  of dy

dt  dx dt ayde

Suppose that each argument of z = F(u, v) is a two-variable function such that
u=h(x,y) and v = g(x,v), and that these functions are all differentiable.

Then the chain rule would look like:

az . aF du aF dv
dx o du dx dv dx

oz _orau  oFav

dy  dudy dvav

If we consider ¥ = (u, ) above as a vector function, we can use vector notation
to write the above equivalently as the dot product of the gradient of F and a

derivative of 7:

Partial and Total Increment: We consider a function z = f(x, v), increase the

independent variable x by Ax (keeping v fixed), then z will be increased: this
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increase is called the partial increment with respect to x which we denote as

A, z, so that
Az =f(x+Ax,y)— f(x, ).

Similarly we define A, z. If we increase the argument x by Ax and y by Ay, we
get z a new increment Az, which is called the total increment of z and defined

by
Az = f(x+ Ax,y + Ay) — f(x,¥).

It is noted that total increment is not equal to the sum of the partial increments,

Az # A,z + A,z Let us assume that f(x,y) has continuous partial derivatives

at the point (x,y) under consideration. Express Az in terms of partial

derivatives. To do this we have
Az = [f(x +Ax,y + Ay) — f(x, vy + Ay)]

Gy +Ay) = f(x, )]
and using Lagrange mean value theorem separately

Of (xy+ay) o Ay 9 f(x.3)

dx av

Az = Ax

(where ¥ lies between y and y + Ay and X between x and x + Ax). As partial

derivatives are continuous it follows that
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Az = TN + DNy + ¢y + Ay,

Where the quantities ¥, (x,v) and ¥, (x,y) approach zero as Ax and Ay
approach zero.

Now we will derive the total differential of composite function.

Theorem 7.1: f(x,v),g(r,s),h(r,s) € C*
= if(g,fﬂ = (g, n)g:(r,s) + (g, M)Ay (1,5)

Zf(g,h) = £,(9, 1) 82(r,8) + o (g, W, (7,5).

We use this formula for the composite function

fOoy),x = @(r,5),y =¢(,5)

of _ofax  of oy
ar dx dr dv or

ﬂf_afﬂx+ﬂf3y
as dx ds gy ds

Example 71 f(x! .}J] = x}’!fl = .}JJE =X

g h = I h
55 —§f(g{:?”,.5'], {:T,S]]

=yg, +xh,y

= hg, + gh,
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We can generalize this results. If w = F(z,u,v,s) is a function of four

arguments z, u, v, s and each of them depends on x and y, then

aw

dx

aw
dv

. dF dz
dz dx

. aF oz
dz dvy

dF du
du dx

aF du
du dv

o

aF dr dF ds
dv dx ds dx

arF dv aF ds
dr dv ds 3_‘_1.-"

If a function z = F(x,y,u, v), where v, u, v depend on a single independent

variables x: v = f(x), u = ¢ (x), v = Y(x), then z is actually a function of one

variable x only.

Hence,

dz  OF dx aF gy
dx  dxdx  dvaox
aF du dF dv
4+ —— 4 ==
du dx dvr dx
__4dF aF dy
dx dv dx
aF du dF dv
+==4 ==
du dx dv dx

This formula is known as the formula for calculating the total derivative g (in

contrast to the partial derivative z—j)

Example 7.2: Find z and j—z of z=In(u2+v)u=e*"v,v=x24+y

Solution:
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dz
dx

az
dv

__ﬂzﬂu
du dx

__Bzau
du av

dz dv

By dx

dz dv

ﬂvﬂp'

So

= 22+ (uexﬂ"z—i—x]
kA B

2u 1

= 2ye* " 4

uZ+v

az
dv

uZ 4w

1

= (4uye™¥" 4+ 1).

u?

In these expressions, we have to substitute e**¥* and x2 4y for u and v

respectively.

Example 7.3: Find the total derivative of z = x + [y, y = sinx

Solution:

dz dz 1 dy

— = 2X, — = —, — = C0SX
dx dy 24y dx

dz _ oz

dx  8x

azdy
av dx
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1
= 2x+ —cosx
24y

1
= 2x + ——cosx.
2y =inx

7.1.1 Let us find the the total differential of the composite function z = F(u, v)

and u = ¢ (x,y) and v = ¥(x, y), we know the total differential
dz = Zdx + ﬁd}f.
dx av

Now substitute the expression E and E defined in the above composite

function, after simplification we obtain

a8 a
dz = = du + Z dv.
du dv

Where du = 2% dx + 2= dy and dv = 2 dx + 2= dy

Example 7.4: Find the total differential of the composite function z = u?v?,

u = x’siny, v = x3e?.

Solution:

du = 2xsinydx + x?cosydy
dv = 3x%e¥dx + x*e¥dy

dr=2Z au+ 24
Z_ﬁu v ov v
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= 2uvidu + 3u*vidv
= 2uv?(2xsinydx + x*cosydy)
+3u?v? (3x%e¥dx + xPe¥)dy
= (2uv?.2xsiny + 3u?v?.3x%e¥)dx
+(2ur*x?cosy + 3utvixie)dy

7.2 Composite and implicitly Functions:

Let some function y of x be defined by the equation F(x,y) = 0. We shall

prove the following theorem.

Theorem 7.2 Let a function y of x be defined implicitly by the equation
F(xy)=0 (7.1)

where F(x,y), z—i g—F are continuous in the domain D containing the point
v

(x, ), which satisfies (7.1), also z—i = 0 at the point (x, ). Then

Proof. Given F(x,y) is a function of two variables x, and y and v is again a
function of x so that F is a composite function of x. Its derivative with respect
toxis

oFdx  aFdy
dx dx av dx

8F _ 8F dy
= 42

dx Aydx
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As F is considered as a function of x alone, which is identically zero. So we

have

aF aF dv
—_ 3 —— =
dx av dx

i~h implies &¥ 2
which implies = _E?'

Example 7.5: An equation is given that connects x and y
el —e* +xy=0,

find &,
dx

Solution:

F(x,y) =e¥ —e™ +xy, z—i =—e* +y, 2_:: — e¥ + x, by the above theorem
¥

—a +y

oV +x

. od
we obtain = = —
dx

Questions: Answer the following questions.

df

1. Find — at t=20 where
dt

flx,y) =x*+y?, x=¢e', y= cost.

2. If z = f(x,y),

x =e*" +e %,y =e %" + 2" then show that

3. 1Y xE 4y,
du dv dx ay
. dy
4, Find - , when

f(x,y) = In(x* + y*) + tan™* G) =0.
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5. Find g , When x¥ +y* =a, a any

constant, x,y = 0.
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