Module 3: Ordinary Differential Equations

L esson 29

Exact Differential Equations: Integrating Factors

In general, equations of the typé(z,y)dz + N(z,y)dy = 0 are not exact. However, it
is sometimes possible to transform the equation into antekterential equation multi-
plying it by a suitable functiori(z,y). That is, if I(x,y) is an integrating factor then the
differential equation

becomes exact. A solution to the above equation is obtaipesblving the exact differ-
ential equation as in the previous lesson. Note that thengrepiation may have several
integrating factors. This is exactly the procedure we haexldor solving linear differ-
ential equations in earlier lesson. Here we deal with moreeg# differential equation.

29.1 Rulel: By Inspection

There is not much theory behind finding integrating factoinnspection. This method
works based on recognition of some standard exact diffialerthat occur frequently in
practice. The following list of exact differentials woule lguite useful in solving exact
differential equations:

(1)  d(ry) = ydz + xdy
(ii) d <g> _ vy —ydr o (E) _ ydz —wdy

s 3;2 Y y2

(iii) d (n2) = rdy —ydr o (ln f) _ ydw — xdy
v Y ) Ty
(iv) d <arctan Q) - % or d <arctan E) — w
. Y y v+
d d
(v) d(lnzy) = yax + xray
Ty

29.1.1 Example

Solve the differential equation y(y? + 1)dz + z(y* — 1)dy.
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Solution: The given equation can be rewritten as
v (ydx + xdy) + ydx — xdy
This is further rewritten as

(yd + xdy) + (M) _0

y2

Using standard differential forms given above we get

d(zy) +d (E) =0
Yy
Integrating the above equation, the desired solution isrgas
xy2 +xr=cy

Herec is an arbitrary constant.

29.2 Rulell: Mdz + Ndy = 0 ishomogeneousand Mz + Ny # 0

: . 1
If the equationV/dz+Ndy = 0is homogeneous andz+Ny # 0, then/(z,y) =

o . (Mz + Ny)
IS an integrating factor. In order to prove the result, wednweshow that

Mdx + Ndy .

— = me functionr an

EES d (some function: andy)

Rewriting Mdxz + Ndy as
1 d d d d
de+Ndy:—{(Mx+Ny) (_x+_y) + (Mz — Ny) (_x__y)}
2 x Y T Y

Multiplying by proposed integrating factor we get

Mdz+Ndy 1 f(de dy\  (Mz—Ny) (de dy
Mz + Ny _2{(x+y)+(Mx+Ny) x oy (29.1)

Given thatV/ (z,y) andN (x, y) are homogeneous functions of some degree., M (tz, ty) =

t"M(z,y) andN(z,y) = t"N(z,y). Then

M <§1) - M Gx ly) = My = My =M <§1)

Yy y"
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Similarly, we get
N(z,y)=y"N (E, 1)
Yy

Now consider

(= gy _ V"M (5.1) —vo (5)

(Mz + Ny) ynaM <§, 1) +y"yN (%7 1)

SIS

QLUUR |eIr

Going back to the Equation (29.1), we have

% _ % {d(ln(:cy)> +f (g) a (m g)}

Rewriting f (z/y) = f (exp(In(z/y))) and definingy(x) := f(exp(z)), the above equation
becomes

Mdx + Ndy

Vvt = 3 {atma) + g tutesmya (m )]

Hence, we have shown that

Mdx + Ndy 1 1 x x
———— =d|=1 — In—)d(Iln—
Mz + Ny [2 n(xyH?/g(ny) (nyﬂ

Thusﬁ Is an integrating factor of the homogenous differentialagmun M/ dz +
T Yy
Ndy = 0.

29.2.1 Example

Solve the differential equation (z%y — 22y?)dx — (23 — 322y)dy = 0

Solution: The given equation is a homogeneous differential equaG@mparing it with
Mdzxz + Ndy = 0, we haveM = z?y — 2zy? andN = — (23 — 322%y). Since

Mz + Ny = (22y — 220y x — y(2® — 32%y) = 2%y # 0,

the integrating factor is '
1

(Mz + Ny)  x2y?
Multiply by the integrating factor, the given differentietjuation becomes

(1/y —2/x)dx — (x/y* = 3/y)dy = 0
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This is now exact and can be rewritten as

2
dy=0 = d<z>——dx+§dy:0
) T )

ydx—Qxdy —gdx+§
Yy T Yy
Integrating the above equation we obtain the desired solats

xr—2ylnz+3ylny =cy

29.3 Rulelll: Mdx + Ndy = 0 isof theform fi(zy)ydz + fo(zy)xdy = 0

If the equationV/dz + Ndy = 0 is of the formf; (zy)ydx + fo(zy)xdy = 0, then

(Mz — Ny)
IS an integrating factor providetdz — Ny # 0. Similar to rule 11 we now show that
Mdx + Ndy .
Ny d (some function: andy)

Again, rewritingMdz + Ndy as

1 d d
de+Ndy:§{(Mx—l—Ny) <§—|—?y)+(Mx—Ny) (d_x_@)}

Now dividing by Mz — Ny we get

Mdz + Ndy 1 {(M:)H—Ny) (d_x+@) . <d9: dy)}

Mzr—Ny 2| Mzr—Ny \z vy

Using M = fi(zy)y andN = fo(zy)z we obtain

Mdz + Ndy _ 1 f fi(zy) + folzy) , 0t
Mo — Ny ‘2{f1<xy>—f2<xy>d“ y”d(l y)}

_ Nilzy) + folry)
fi(zy) = fa(zy)

iy = 3 e v (D) = 5 fomeninen) +d () |

This shows that

Mdx + Ndy 1 1 x
——— 2 =d|= | d(l —(In—
v —al; [atmanatay + ;5 (m2)]

Let f(zy) : andg(z) := f(exp(z)), the above equation reduces to
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29.3.1 Example

Solve y(z2y? + 2)dx + x(2 — 22%y?)dy = 0.

Solution: Comparing with\/dz+Ndy = 0, we haveVl = y(22y*+2) andN = z(2—2x%y?).
The given equation is of the form

fi(zy)ydx + fo(xy)xdy =0

and we have
Mz — Ny = zy(ay? +2) — zy(2 — 22%%) = 3233 # 0

Therefore, multiplying the equation hy3z3y3, we obtain
(1/3z + 2/ (32%y?))dx + (2/(32%y3) — 2/3y)dy = 0

This is an exact differential equation which can be solvetth Wie technique discussed in
previous lesson.

29.4 RulelV: Most general approach

Now we discuss the most general approach of finding integyditinction. The idea is to
multiply the given differential equation

M(z,y)dz + N(z,y)dy = 0 (29.2)
by a functioni(z,y) and then try to choosEz, y) so that the resulting equation
I(z,y)M(z,y)dz + I(z,y)N(z,y)dy =0 (29.3)
becomes exact. The above equation is exact if and only if
(M) O(IN)

T (29.4)

If a function I(z, y) satisfying the partial differential Equation (29.4) canfbend, then
(29.3) will be exact. Unfortunately, solving Equation (28.is as difficult to solve as the
original Equation (29.2) by some other methods. Theretwhdle in principle integrating
factors are powerful tools for solving differential equeis, in practice they can be found
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only in special cases. The cases we will consider are: (integrating factor that is
either as function of x only, or (ii) a function of y only.

Let us determine necessary conditions\émndN so that (29.2) has an integrating factor
I that depends om only. Assuming thaf is a function of x only, then Equation (29.4)
reduces to

IM, = IN, + N% = % = 7]]\4@,;7 I
If (M, — N;)/N is a function ofz only, say f(x), then there is an integrating factor
that also depends only anwhich can be found by solving (29.5) ag:) = ¢/ /(®)dz A
similar procedure can be used to determine a condition undieh Equation (29.2) has

an integrating factor depending only gnTo conclude, we have:

(29.5)

If N <—8y . ) is function ofz alone sayf(x), theni(z) = e is an I.F.
1 (ON MY g iy _ ol i
If i < o oy ) is function ofy alone sayf(y), theni(y) = e isan |.F.

29.5 Example Problems

29.5.1 Problem 1

Find an integrating factor of (22 + y? 4 2)dx + zydy = 0 Solution: Comparing with
Mdz + Ndy = 0, we have

M = (2® + y* + z) andN = zy

Further, note that

dy ox
is a function ofz alone. Hence, the integrating factor of the given probles 167 = 7.

i@M ON 1
N T

29.5.2 Problem 2

Find an integrating factor of (2zy*e? 4 2213 + y)dx + (z?y*e¥ — 2%y? — 32)dy = 0
Solution: Compare withV/dz + Ndy = 0, we get

M = (2zy*e¥ 4 221 4+ y) andN = (2?y*e¥ — 22y? — 31)
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Also, note that

Ay ox

1 (8]\7 8M) 4
Y

i _

is a function ofy alone. Hence the integrating factor of the given problesh is/¥% = 1/4*.
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