Module 3: Ordinary Differential Equations

L esson 26

Differential Equation of First Order

In this lesson we present solution techniques of diffeedr@quations of first order and
first degree. We shall mainly discuss differential equatidvariable separable form,
homogeneous equations and equations reducible to homagefarm.

There are two standard forms of differential equations &t farder and first degree,
namely,

d
d—y:f(x,y) or  Mdx + Ndy =0
xr

Here M andN are functions of andy, or constants. We discuss here some special forms
of these equations where exact solution can easily be autain

26.1 Separation of Variables

If in a differential equation, it is possible to get all thenfilionsx anddz to one side and

all the functions ofy anddy to the other, the variables are said to be separable. In other
words if a differential equation can be written in the foff(w)dz + G(y)dy = 0, we say
variables are separable and its solution is obtained byrateg the equation as

/F(x)dx + /G(y)dy =c,

wherec is a integration constant.

26.2 Example Problems

26.2.1 Problem 1

d
Solve 9 _ Y 4 p2eY,
dx
Solution: For separating variables, we rewrite the given equation as

e Vdy = (¥ 4 2?)da.
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Integrating the above equation we have
—e Y =c" 423+,

wherec is an arbitrary constant.

26.2.2 Problem 2

Solve 3e” tan ydz + (1 — %) sec? ydy = 0.
Solution: Separating the variables, we get

3e” sec?y
d dy = 0.
1—e* v tany Y

Integration gives
—3log(1l — e”) + log(tany) = logc,

wherec is an arbitrary constant.

26.3 Equations Reducibleto Separable Form

Differential equation of the form
dy dy
%—f(aerby—i-c) or d$—f(ax+by)

can be reduced by the substitutiofn+- by +c=v or ax-+by = v to an equation in which
variables can be separated.

26.3.1 Example

dy
Solve e sec(z + y).

Solution: Let, z + y = v so that

dy  dv
T dn 1. (26.1)

Using (26.1), the given differential equation becomes

v =secv + 1. (26.2)
dz
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This equation is of separable form. Thus we have

1 ~ 2cos?(v/2) - 1

dr = dv = =
v ! v 14 2cos?(v/2) — 1

= dv
secv + 1

Further simplifications gives
1 2
de = (1-— 5 sec (v/2) ) dv

Integrating and substituting the valuewgfwe obtainy — tan 1(z + y) = c.

26.4 Homogeneous Differential Equation

A differential equation of first order and first degree is daidbe homogeneous if it can

be put in the form
dy

dr fy/z).
These equations can be solved by lettifig = v and differentiating with respect toas

dv dv

U+x%:f(v) = x%:f(v)—v.

Then, separating variables, we have

Integrating the above equation we obtain

logx—i—c:/%,

wherec is an arbitrary constant. The solution is obtained by reptagariablev by /.

26.4.1 Example

Solve the differential equation
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Solution: Since the right hand side of the given equation is function /afalone, the
given problem is homogeneous equation. Substitufjiag= v so that

dy dv
the given equation becomes
dv dr  cosv
v+r— =v+tanv — — = ——dv
dx x sin v

Integrating and substituting the valuegfwe get the solution as

=sin ()
cr =sin =),
x

wherec is an arbitrary constant.

26.5 Equations Reducibleto Homogeneous Form

Equation of the form

dy  ax+by+c a , b

_ t A i 26.4
de  dx+Vy+c’ a v ( )

can be reduced to homogeneous form. The procedure is as$ollo

Take
r=X+handy=Y +k

where X, Y are new variables ant # are constants to be chosen so that the resulting
equation inX,Y becomes homogeneous. From above we lave dX, anddy = dY, SO
thatdy/dx = dY/dX. Now the given differential equation in new variables beeam

dX = aX +0bY + (ah + bk +c)

dY ~ dX +VY + (a’h + bk + ) (26.5)

In order to make (26.5) homogeneous, the consiaamd £ must satisfy the following
algebraic equations

ah+bk+c=0 , dh+Vk+d =0 (26.6)

Solving equations (26.6), we obtain

Y 1
:bc be k:ca ca (26.7)

= 7
abl —a'b abl — a'b
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providedab’ — a'b # 0. Knowing h andk we have
X=x—h, Y =y—k. (26.8)

The Equation (26.5) now reduces to
dY aX +b(Y/X)
dX Jd+V(Y/X)
which is a homogeneous equationirandY which can be solved by substituting X =
v. After getting solution inX andy, we removeX andY using (26.8) and obtain solution
in terms ofz andy.

(26.9)

26.5.1 Example

Solve the differential equation
dy (z+y+4)
dr  (z —y — 6)

Solution: Letz = X +h, y=Y +%k, sothat dy/dr = dY/dX and using this, the
given differential equation reduces to
dy X+Y+(h+k+4)
dr~ X —Y 4+ (h—k—6)
Chooser andk such that + £k +4=0, h—k—6=0,andby solving, we get=1 and
k = —5. New variables becomes = 2 — 1 andY = y + 5. Using this into (26.10), we
obtain

(26.10)

Yy 1+Y/X
X~ 11 v/X (26.11)
Substituting
day dv
the Equation (26.11) becomes
dX 1—w dv vdv
X 1+02 U_l—l—Ude_m' (26.12)

Integrating the above equation, we get

log X = tan" v — (1/2)log(1 + v*) + (1/2) logc
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Further simplifications gives
2log X 4+ log(1 +Y?%/X?) —loge = 2tan  H(Y/X), as v =Y/X
Thus, we get

X24y2= Ce2tan_1(Y/X)

ReplacingX andY asX =z — 1 andY = y + 5 we obtain the general solution as

(CL’ B 1)2 + (y + 5)2 _ Ce2tan71((y+5)/(:r—1)).
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