Module 2: Integral Calculus

Lesson 19

Volume and Surface of Revolution

19.1 Introduction

Volume of Revolution: We start our applications with volumes of revolutions.
Our aim is to find the lengths, areas and volumes of the standard geometric
figures.

Let y= f(x)be continuous function of xon the interval with [a,b]with (a<Db).
Assume that f(x)>0V xe[a,b]. If we revolve y=f(x) around axis, we

obtain a solid, whose volume we want to compulte.

/‘
T
+

Take a partition of [a,b]say a=x, <X <x, <X, <...x, <=b

Let ¢, be a minimum of f on the interval [x;,X,]and d;be the maximum of f in

that interval. Then the solid of revolutions is that small interval lies between a

small cylinder and a big cylinder. The width of these cylinders is x;,, —x and the
radius is f(c) for the small cylinders and f(d.) for the big cylinder. Hence the

volume of revolutions, denoted by V satisfies the inequalities
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S ()2 (%, —x)<V <5 2t (d)2(x, )
i=0 i=0

b
It is therefore reasonable to define this volume to be V = [z f (x)? dx
a

If we revolve the curve around X=¢(y)around y-axis and

#(y)=0V y e[c,d], we define the volume to be V = [z f (y)* dy

If the curve be expressed by x=f(t), y=4(1)

b t,
V:;zjy2 dx=7r_[ (#(t))” f'(t)ydt where t,t,are values of t that corresponds to

4

x=aand x=brespectively.
Example 19.1: Compute the volume of the sphere of radius 1.

Solution:

We take the function y =+1—x? between 0 and 1. If we rotate this curve around
X —axis, we shall get half the sphere. Its volume is therefore
1

1 3
x)dx=r(x—X) =2
iﬂ'(l X“)dx =7z (x 3 ) 37

0

So the volume of full sphere is 2)(%72’ :%n

Example 19.2: Find the volume obtained by rotating the region between y = x3

and y = x in the first quadrant around the x—axis .
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The graph of the region is given on the figure.

As x3=x= x(x*-x)=0= x=0,x==1, for first quadrant we take 0<x<1.
The required V volume is equal to the difference of the volume obtained by
rotating y=x and y=x.

Let f(x)=x,g(x)=x* Then

V= 7[?[ f (x)*dx —ﬂj g(x)*dx

1 1
= [ x*dx—z [ x°dx
0 0

T_Z
3 7

Example 19.3: (Volume of Chimneys) . Consider the function f (x) -1 :

<1
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Let O<a<1 The volume of revolution of the curve y:i between x=a and

N

1
.. dx
x =1 is given by jﬁ—x =zInx =-rlna,

As a—0, Ina becomes very large negative, so that —Ina becomes very large
positive, and the volume becomes arbitrary large. The above figure illustrates

the chimney.

In this computation, we determined the volume of a chimney near the y—axis .

We can also fixed the volume of the chimney going off to the right, say

between 1 and a number b>1. Suppose the chimney is defined by yzi. The

X

volume of revolution between 1 and b is given by the integral

b b
jﬂ(%jdx :jnd—;:nlnb,as b —cowe see that this volume becomes arbitrary
1 0

large (divergent integral)

But we are interested to find finite volume for the infinite chimney.

Example 19.4: Compute the volume of revolution of the curve y :% between

aand 1. Find the limitas a— 0

Solution:
The volume of revolution of the curve y =i4 between x=a and x=1
X
1

1 11 1
is given by the integral jﬁildx:ﬂjx 2dx=7rx2x?| =27[1-a]
a XE a a
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When a — 0limit becomes 2

Example 19.5 Find the volume of a cone whose base has a radius r , and a
height h , by rotating a straight line passing through the origin around the

X —axis
Solution:
J X
The equation of the straight line is y——x Slant height is y—— Hence the
h 2 2 h 3
volume of the cone is Iﬁ(; j dx = zzr—szdx—7;—r2 %:%ﬂr h
0

19.2 Surface of Revolution

Let y= f(x)be a positive continuously differentiable function on an interval

[a,b]. We wish to find a formula for the area of the surface of revolution of the

graph of f around the x—axis, as given in the figure

=e

We shall see that the surface area is given by the integral
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b 2
S = j 27y /1{%} dx

The idea again is to approximate the curve by line segments. We use a partition

a=X <X <X <Xgowrro. XX, =D

F(%..)

f(x)
Xj Xi+1

Li

-

On the small interval [x,X._,] the curve is approximated by the line segment

joining the points (x;, f(x))and (x,,, f(x.,)) . Let L be the length of the segment.

Then L = (.0 =x )" +( f () f (%))

The length of a circle of radius yis 2zy. If we rotate the line segment about the
then the x—axis area of the surface of rotation will be between 27 f (t. )L and
2 f(s)Lwhere f(t)and f(s)are the minimum and maximum of f,

respectively on the interval [X,X ,]. This is illustrated on Fig 1.

=\

=
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On the other hand, by the mean value theorem we can write

f (Xi+l)_ f (Xi) = f'(ci)(xm_xi) G € (Xi’Xi+1)

Hence L =(x, %)’ + £ () (4, -x)

=1+ f'(c)? (xi+1—xi)

Therefore the expression 27 f (¢,)|1+ f'(¢,)* (x,, — %)

Is an approximation of the surface of revolution of the curve over the small

interval [x;, X.,]
n-1

Now take the sum Y27 f (c,)\1+ f'(¢)? (X, — ;)
i=0

This is a Riemann sum, between the upper and lower sums for the integral

b
S :jznf (X)y/1+ f'(x)? dx
Thus it is reasonable that the surface area should be defined by this integral, as

was to be shown.

19.2.1 Area of revolution for parametric curves given in parametric form.

Suppose that
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x=f(t), y=9(), ast<b
We take a partition a=t, <t <t, <t,.....<t,=b

Then the length of L between (f(t),g(t))and ( f(t,.),9(t..))is given by

L= (Ft)- F®) +(00.) - 9(t))

:\/f !(Ci)z + g’(di)2 (ti+1 _ti)

where c;,d, are numbers between tand t,,

(f(t), 9(t)) Z (f(tier), 9(ti1))

Hence Zﬂg(ci)\/f '(c)*+9'(d,)* (., —t) is an approximation for the surface of

revolution of the curve in the small interval [ti,tm]. Consequently, it is

reasonable that the surface of revolution is given by the integral

b dx 2 dy 2
a dt dt

when t = X, this coincides with the formula found previously. It is also useful to

write this formula symbolically S = [27yds

where symbolically, we had used
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ds = (o)’ +(dy)’
J

When using this symbolic notation, we don not put limits of integration. Only
when we use explicit parameter over an interval a <t <bwe explicitly write the

surface area as

b ds
S=[2ry—-dt
127Y G

Example 19.6 We wish to find the area of a sphere for radiusr >0.

Solution: we can view the sphere as the area of revolution of a circle for radius

r, and to express the circle in parametric form,

X=rcosd,y=rsinf,0<0<rx

Then the formula gives

O—y O—\3

S 2771 sin Or?sin@+r2cosd do

27zr25in 0de

= 27r?*(-cos 9)|Z

=4rr?
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Exercises

1. Find the volume of sphere of radius r.

Find the volumes of revolution of the following:

2. yzi between x=0 and x=2
COS X 4

3. y=sinx between x=0 and x=%
4. The region between y=x* and y =5x
X
5. y=xe? between x=0 and x=1
6. Compute the volume of revolution of the curve y =%between x=2 and
x =b for any b>2. Does this volume approach a limit as b — « ? If yes, what

limit ?

7 o 2.5
"8 4’4' 3

T T . l
,5. 72'(8—2) & 6. ﬂ—w,yes. 24
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