Module 2: Integral Calculus

Lesson 17

Tests for Convergence

17.1 Introduction

In this Lesson the convergence of Improper Integrals is studied.

Definition 16.1 if there exists a finite limit

lim :f(x)dx

b—o0

Then this limit is called the value of the improper integral of the function f(x)

on the interval [a,+o0| and is denoted by the symbol

j:" f (x)dx
Thus, by definition, we have
[[7 f)ax=lim " (x) dx

In this case it is said that the improper integral exists or converges. If
b 0

j f (x)dx as b — +oo does not have a finite limit, one say that r f (x)dx
a a

does not exist or diverges.

If f(x)>0, the geometrical meaning of the improper integral can be seen as if

the integral jb f (x)dx expresses the area of region bounded by the curve y =
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f(x), the x — axis and the ordinates x = a, x = b, it is natural to consider that the
improper integral roo f (x)dx expresses the area of an unbounded ( infinite )
a

region lying between the curve y = f(x), x = a and x-axis.

We similarly define the improper integrals of other infinite intervals:

j_’; f(x)dx = lim

a—>—0

[ " f (x) dx
[T redx=[" foodx+[ f(x)dx
The latter equation should be understood as if each of the improper integrals on

the right exists, then, by definition, the integral on the left also exists

(converges).

Example 16.1 Find out at which p the integral J.;wd—)p( converges and at which
X

it diverges.

Solution:

Since (when p #1)



Tests for Convergence

b
bdx 1 o :L(blp -1)
1xP 1-p , 1-p

We have
j“ﬁz lim L(bl-p -1)

1 xP boiw]— P

Consequently, with respect to like this integral we conclude that if p > 1, then

J.M% = 1 , and the integral converges.
1 xP p-1
+o (X : :
If p<1,then L — = and integral diverges.
X

+00

o dX : :
When p =1, L — = In X|, =20, and the integral diverges.
X

Note: We call the p-integral fmd—):converges for p > 1, and diverges for p <1
X

which is in the comparison test of improper integral used.

In many cases it is sufficient to determine whether the given integral converges
or diverges, and to estimate its value. The following theorems, which we give

without proof, may useful in this respect.

Theorem 17.1. Let f and g be continuous function on the interval [a,0) with

0<f(X)<g(x) Vasx<ow,
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If I+wg(x)dx converges then rwf(x)dx also converges, and

L“” f(x)dx < L*‘”g(x) dx

Example 17.2 Investigate the integral fm for convergence.

x*(1+¢€%)
Solution:

It will be noted that when 1< x

1 1

—— <
x*(1+e*) x?

+00

= 0X 1
And [ = =-= =1
1 X X|,
a0 X : :
Consequently, j ———— converges, and its value is less than 1. Hence
1o x“(1+e")

+00 dX
I — < CONVerges.
1 x“(1+e%)

Theorem 17.2. If for all x(x>a),0<g(x) < f(x) holds true and FOO g(x)dx

diverges, then the integral '[ "t (x)dx also diverges.

Example 17.3 Find out whether the following integral converges or diverges.

J‘+°0 Xx+1

1 \/?

dx

Solution:
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X+1 X 1

oo dX

= as p= % < 2. Hence the given integral is divergent.

We note that

But T
1 X2

In the above two theorems we considered improper integrals of nonnegative
functions. For the case of a function f(x) which changes its sign over an infinite
interval we have the following result.

Theorem17.3. If the integral I+w|f(x)|dx converges, then the integral

roo f (x)dx also converges.

In this case, the later integral is called an absolutely convergent integral.

Definition 17.1: An integral rw f (x)dx converges conditionally if and only if

J.M f (x)dx converges but I+w| f (x)|dx is not convergent.

© SIN X
X3

Example 17.3 Investigate the convergence of the integral L+ dx.

Solution:

1
X

sin X

X3

Here, <

+00 1
. But L Fdx convergent as p = 3.

Si

nx
3

Therefore, the integral LOO dx also converges.
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17.2 The Integral of a Discontinuous Function

A function f(x) is defined and continuous whena < x < ¢, and either not defined

or discontinuous when x = c. In this case, one cannot speak of the integral
c

I f (x)dxas limit of integral sums, because f(x) is not continuous on [a, c] and
a

for this reason the limit may not exist.

The integral j U f (x) dx of the function f(x) discontinuous at a point c is defined

as follows:

f f(x)dx = |imL°"’" f (x)dx

a &—0

If the limit on the right exists, the integral is called an improper convergent
integral, otherwise it is divergent. If the function f(x) is discontinuous at x = a of

the interval [a, c] then by definition,

ch(x)dx:lim " (x) dx

a c—0Ja+e

If the function f(x) is discontinuous at some point X = X, inside the integral [a, c]

, we put

[ fe0dx=["f(x)dx+ [ f(x)dx
If both the improper integrals on the right hand side of the equation exist.

: 1 dx
Example 17.4 Test the convergence of the mtegraIJ‘ o7
-1x
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Solution:

Since inside the interval of integration there exist a point x = 0, at which the

integrand is not continuous, we express the integration as:

T Ty

1)(2 e—>0J-1 X2 -0 J0+e X2

. r-edx . erdXx
:Ilm —2+I|m —2
e->0J-1 y e>0d¢e Y

)
—lim=
&—0 X

i 1
=lim—=
&—0 X 4

= —Iim(—£+1)— Iim(l—ij
&0 E &0 E

But —Iim[—l+1j:oo and —Iim(l—lj:oo i.e., the integral diverges on [-

-0 E &—0 E

1,0] aswell ason [0,1] .

Hence the given integral diverges on the entire interval [-1, 1].

It should be noted that if we had evaluated the given integral without paying
attention to the discontinuity of the integrand at point x = 0, the result would

1
:_(l_ij:_z
L, 1

1dx -1
have been wrong as I —=—
-1X X

This is impossible (Fig. 3)
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(-1, 1) 1,1)
\ \ -
1 1 y=0
Fig. 3

Note: If the function f(x), defined on the interval [a, b], and has finite number

of discontinuity points ai, ay,...., a, within the interval,

If each of the improper integrals on the right side of the equation converges then

b
j f (x)dx s called convergent but if even one of these integrals diverges, then
a

J'b f (x)dx too is called divergent.

For determining the convergence of improper integrals of discontinuous
functions and for estimating their values, one can frequently make use of

theorems similar to those used to estimate integrals within infinite limits.

Theorem 17.3. Let f(x) and g(x) be continuous functions in [a,c] exceptatx =c¢

and at all points of this interval the inequalities g(x) > f(x) hold and

jcg(x) dx converges, then I i f (x)dx also converges.
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Theorem 17.4. Let f(x) and g(x) be continuous functions on [a,c] except at X =

c and at all points of this interval the inequalities f(x) > g(x) >0 hold and

LC g(x) dx diverges, then LC f (x) dx also diverges.

Theorem 17.5. Let f(x) be a continuous function on [a, c] exceptat x = ¢, and

the improper integral IC| f (x)|dx of the absolute value of this function

converges, then the integral r f (x)dx of function of itself also converges. We
a

frequently come across the improper integral of the following types.

¢ dx c dx
L %) , also L (x_a)’

It is easy to verify that i
2 (c-x)°

converges for p < 1 and diverges for p > 1.

Same applies also to 2",

1
Examplel7.5 Does the integral _[0 converge?

dx
VX+4x°
Solution:

The integrand is discontinuous at x = 0.

Now ! < 1

Jx+axd x

1 1
The improper integral _[Od—)l( as %<1 exists and hence _[0 also
X2

dx
VX +4x3

exists.



Tests for Convergence

EXERCISES

Test the convergence of the following improper integrals:

1. ijsin X dx
0

. d
2.]1%(

E8 dx
3| ———
o X° 42X+ 2
1dx
OX%
2 dx
3

6. Let b > 2. Find the area under the curve y =e ** between 2 and b. Does this

area approach a limit whenb — oo . If so what limit?

7. Can an improper integral J'w f (x)dx ever be transformed onto a proper
a

integral by a change of variable?

Ans.: 1. The integral diverges, 2. The integral diverges, 3. 7, 4. % 5. The

integral diverges, 6. —%e‘Zb +%e‘4 , yes %e“‘ & 7.Yes, f(x) :i2 , X =
X

—~ |

Keywords: Convergence, absolutely convergence, comparison test.
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