
Module 1: Differential Calculus 

Lesson 10 

Maximum and Minimum of function of two variables 

 

10.1 Introduction  

We say that a function  has a maximum (local) at a point  if  

  

for all points  sufficiently close to the point . 

 

A function of two variables has a absolute maximum (global maximum) at a 

point  if  for all points  on the domain of the 

function. 

 

Analogously we say that a function  has a minimum (local) at a 

point  if  

  

for all points  sufficiently close to the point . Similarly we define 

absolute minimum (global minimum). 

 



Maximum and Minimum of Function of Two Variables 

The maximum and minimum of a function are called extrema of the function; 

we say that a function has an extremum of a given point if it has a maximum or 

minimum at the given points. 

 

Example 10.1. The function  contains a minimum 

at . 

Solution: As  for all  and  i.e., 

 

Example 10.2 The function  

Solution:  

For , , . Now for , . 

So , . i.e., ,  is a maximum point 

of . 

Necessary Conditions for an Extremun: If a function  attains an 

extremum at  and , then each first partial derivative  

either vanishes for these values or does not exist. 

 



Maximum and Minimum of Function of Two Variables 

This result is not sufficient for investigating the extreme points, but permits 

finding these values for cases in which we are sure of the existence of a 

maximum or minimum. Otherwise more investigation is required. 

 

Example 10.3. Consider the function  

Solution:  

The function has partial derivatives as ,  which vanish at 

 and . But this function has neither maximum nor minimum at 

 and , since it takes both negative and positive values. Points at 

which  (or does not exist)  (or does not exist) are called critical 

points of the function . Thus if a function has an extreme point this 

can occur at the critical point. Converse may not true. 

 

For investigation of a function at critical points, let us establish sufficient 

conditions for the maximum of a function of two variables, which can be 

generalized to functions of more than two variables also. 

 

Theorem 10.1: Let a function  have continuous second partial derivatives on 

an open region containing a point  for which  and . 

Let  



Maximum and Minimum of Function of Two Variables 

  

or  

    

 

1. If  and , then  has a local minimum at . 

2. If  and , then  has a local maximum at . 

3. If , then  has neither a local minimum nor a local maximum at . 

4. The test is inconclusive if . (Additional investigation is required) 

Proof follows from Taylor's theorem. 

 

Note that if , then  and  must have same sign. This 

means that  can be replaced by . 

 

Example 10.4 Find the extreme point of  

  



Maximum and Minimum of Function of Two Variables 

Solution:  

  

solving we obtain . i.e.,  or . So  and 

 are the critical points. , , .  

 

  

 

i.e.,  has neither minimum nor maximum at critical point . Hence  is 

a saddle point. We will consider the critical point   

  

 

and , we conclude that  has a maximum at  
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